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Abstract 

In this paper, we investigate the two-dimensional complex Finsler 
manifolds. The tools of this study are the complex Berwald frames 
m, /, fh}, {X, fi,X, p,} and the Chern-Finsler connection with respect 
to these frames. 

The geometry of two-dimensional complex Finsler manifolds is con- 
trolled by three real invariants which live on T'M: two horizontal 
curvature invariants K and W and one vertical curvature invariant 
I. By means of these invariants are defined both the horizontal and 
the vertical holomorphic sectional curvatures in directions A, /i and 
m, respectively. 

The complex Landsberg and Berwald spaces are of particular in- 
terest. Complex Berwald spaces coincide with Kahler spaces, in the 
two - dimensional case. We establish the necessary and sufficient con- 
dition so that K is a constant and we obtain a characterization for the 
Kahler purely Hermitian spaces by the fact K = W = constant and 
1 = 0. For the class of complex Berwald spaces we have K = W = 0. 
Finally, a classification of two - dimensional complex Finsler spaces for 
which the horizontal curvature satisfies a special property is obtained. 
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1 Introduction 

A great contribution to the geometry of two-dimensional real Finsler spaces 
is due to L. Berwald ([9j, see also [12]). His theory is developed based on the 
choice of an orthonormal frame consisting of the normalized Liouville field 
and a unit field orthogonal to it. Many remarkable results are known for 
two-dimensional real Finsler spaces ([121 El 13 El fT9]). 
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Part of the general themes from real Finsler geometry can be approached 
in complex Finsler geometry, the complex setting having the advantage of 
a powerful instrument, namely the Chern-Finsler connection (cf. [1]). This 
connection is Hermitian, of (1,0) - type and with other special properties, 
but as we expect, there are some uncomfortable computations on account of 
extending the theory to the complexified holomorphic tangent bundle T' M. 

In a previous paper [17], we constructed the vertical Berwald frame in 
which the orthogonality is, with respect to the Hermitian structure, defined 
by the fundamental metric tensor of a 2 - dimensional complex Finsler space, 
on the holomorphic tangent manifold T'M. 

The main purpose of this paper is to give a partial classification of the 2 
- dimensional complex Finsler manifolds using its Chern-Finsler curvatures. 
We do not give a general complete classification, but we emphasize some 
important particular classes of the 2 - dimensional complex Finsler spaces. 

Subsequently, we have made an overview of the paper's content. 

In §2, we recall some preliminary properties of the n- dimensional complex 
Finsler spaces and complete with some others needed. 

In §3, we prepare the tools for our aforementioned study. After we review 
from [T7] the construction of the Berwald frame of a complex Finsler manifold 
of dimension two, we prefer to work in a fixed local chart in which there is 
obtained a local complex Berwald frame, which is extended to one on the 
horizontal part. We also find the expression of the complex Chern-Finsler 
connection with respect to these local frames. The independence of the 
obtained results from chosen chart is incessantly studied. 

The local Berwald frames are not only a local geometrical machinery, but 
they also satisfy important properties which contain three main real invari- 
ants which live on T'M : one vertical curvature invariant I and two horizontal 
curvature invariants K and W. By means of these invariants we are able to 
define and compute the horizontal and vertical holomorphic sectional cur- 
vatures in directions A, /i and m, respectively. A first classification of the 
complex Finsler manifold of dimension two comes from the exploration of the 
vv—^ hv— and vh— Riemann type tensors, (Theorem 4.2). An immediate 
interest for the 2 - dimensional complex Berwald spaces is induced by the 
properties of the hv— and vh— Riemann type tensors. We prove that the 
two dimensional complex Berwald spaces are reduced to the Kahler spaces 
(Theorems 4.3, 4.4). We show that for the complex Berwald spaces I\k = 0, 
(Proposition 4.5). But this property is not peculiar only to the complex 
Berwald spaces. An example of the 2 - dimensional complex Finsler metric 
with = 0, which is not Berwald, is given by the complex version of the 
Antonelli-Shimada metric. The necessary and sufficient conditions for 2 - 
dimensional complex Landsberg spaces are given in Theorem 4.6. Next, we 
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derive the Bianchi identities which specify the relations among the covariant 
derivatives of the three invariants and then use these relations to explore 
the holomorphic sectional curvatures. With some additional conditions of 
symmetry for the hh— Riemann type tensor, we find the necessary and suffi- 
cient conditions that K should be a constant (Theorems 4.8, 4.9). Moreover, 
we characterize the spaces with K = and W < 0, (Theorem 4.11). The 
complex Berwald spaces with this symmetry have K = W = 0, (Theorem 
4.12). It results that the Kahler purely Hermitian spaces are characterized by 
K = W = constant and 1 = 0, (Theorem 4.13). Finally, a special approach 
is devoted to the spaces with the hh— Riemann type tensor in the form 
Rfjhk = ^{.gifOkh + gkfdjh)- We obtain two classes of such spaces, namely 
the Kahler purely Hermitian with K, a constant and the complex spaces with 
/C = and dj^G^ = 0, (Theorem 4.15). All these results are in §4. 



2 Preliminaries 

In the beginning, we will make a survey of complex Finsler geometry and we 
will set the basic notions and terminology. For more, see [H [T5] . 

Let M be a n — dimensional complex manifold, z — [z^)j^—Yn '^^^ 

the 

complex coordinates in a local chart. 

The complexified of the real tangent bundle TqM splits into the sum of 
holomorphic tangent bundle T'M and its conjugate T"M. The bundle T'M 
is itself a complex manifold, and the local coordinates in a local chart will 
be denoted hy u = {z^ ,?]'') j^^j-^. They are changed into {z''^ , r]'^) i^^j-^ by the 
rules z"' = z"^{z) and r]"^ = . 

A complex Finsler space is a pair {M,F), where F : T'M — )■ is a 
continuous function satisfying the conditions: 

i) L := F^ is smooth on TM := T'M\{0}; 

a) F{z,ri) > 0, the equality holds if and only ii r] = 0; 

m) F{z, Xt]) = \X\F{z, r]) for VA G C; 

iv) the Hermitian matrix {gij{z, r])) is positive defined, where gij := 
is the fundamental metric tensor. Equivalently, it means that the indicatrix 
is strongly pseudo-convex. 

Consequently, from Hi) we have ■§^r]'' = ■§^v'' = L, ^§^r\^ = ^kV'' = 
and L = gfjrffj^ . 

Roughly speaking, the geometry of a complex Finsler space consists of 
the study of the geometric objects of the complex manifold T'M endowed 
with the Hermitian metric structure defined by gfj. 

Therefore, the first step is to study the sections of the complexified tan- 
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gent bundle of T'M, which is decomposed in the sum Tc{T'M) = T'{T'M) © 
T"{T'M). Let VT'M C T'iT'M) be the vertical bundle, locally spanned by 
{g^}, and VT"M its conjugate. 

At this point, the idea of complex nonlinear connection, briefly (c.n.c), 
is an instrument in 'linearization' of this geometry. A (c.n.c.) is a supple- 
mentary complex subbundle to VT'M in T'{T'M), i.e. T'iT'M) = HT'M® 
VT'M. The horizontal distribution H^T'M is locally spanned by = 
affe ~ ^k'£f}' where Nl{z,r]) are the coefficients of the (c.n.c). The pair 
{^k '■= j^^^k ■= will be called the adapted frame of the (c.n.c.) which 
obey to the change rules 6k = ^w^'j and dk = ^rd'j. By conjugation, every- 
where is obtained an adapted frame {6^, d^} on T^(T'M). The dual adapted 
bases are {dz^,6ri^} and {dz^ , 6f]^} . 

Certainly, a main problem in this geometry is to determine a (c.n.c.) 
related only to the fundamental function of the complex Finsler space (M, F). 

The next step is the action of a derivative law D on the sections of 
Tc{T'M). First, let us consider the Sasaki type lift of the metric tensor 

Q = gqdz' ® dz^ + gfjdrf ® 5f]^ . (2.1) 

A Hermitian connection D, of (1,0)— type, which satisfies in addition 
DjxY = JDxY, for all X horizontal vectors and J the natural complex 
structure of the manifold, is the so called Chern-Finsler connection (cf. [T]), 
in brief C — F. The C — F connection is locally given by the following coef- 
ficients (cf. [T5j): 

= r'^^V = ; L]k = 9%9fl ; = 9'%9fl ;LLk = C3k = 0^ 

(2.2) 

where here and further on 6k is the adapted frame of the C — F [c.n.c.) and 
Dsi.Sj = L^jk^i, Dq^Oj = Cji^di, etc. The C — F connection is the main tool 
in this study. 

Denoting by " i " , " | " , "?' and "|", the h—, v—, h—, v— covariant 
derivatives with respect to C — F connection, respectively, for any X* it 
results 

X\k ■ = ^kX' + X^L\f^ ; X'\k ■.=dk X' + X^Clk, (2.3) 
\k ■ = ^kX , X 1^ .=dj: X , 

and 

rt\k = rtk = rf\-k = ^: rf\k = 6^k\ (2-4) 
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The nonzero curvatures of the C — F connection are denoted by 

R{Sh,S-k)dj = R)j^^di ; R{dh,S-k)dj = E^^^di ; R{Sh,d-k)dj = Pikh^i 
Rid,,d-,)6, = S]j^^,- Rid,,d-,)d, = S;-,,d,, 



where 



P}hk = ~^^k - <h:i^k)C}i ; S'.j^^ = -dj^Cji, = SIj^.. 
Considering the Riemann tensor 

R(VF',Z,X,F) : = G(i?(X,F)W,Z), (2.6) 
R(W,Z,X,F) = R(Z,TF,F,X) 



for W,X, Z,Y horizontal or vertical vectors, it results the hh—, hv—, vh—, 
vv- Riemann type tensors: R-^.^ = 9rjRfhk^ Pjihk = 9rjPfhk^ ^jihk = gCj^hk, 
S]^-hk = 9i]Sl-^^, which have properties /^-^^ = Rjih k ; ^ijkh = Pjihk^ Pijkh = 
^Jihk ; = %fc = where R^-j,j^ := R^f^^, etc., (see [15], p. 77). 

Further on, everywhere the index means the contraction by r], for ex- 

a^^pie Khk ■= ^jhk"^'- 

Proposition 2.1. z) R-^^ = -%iV^ ; R^,-^, = -g.,5j^Nl; 

777) = — r** - • = —C^ I- • = = = • 

V "j/ifc >-^jfc|h ' '-'jhk ^jk\h 1 --Qftfe ^khO '^Ohk '^khO ' 

^fjlfc = -Cjfk\h ; 'S'fjTifc = -Cjfklh, where we denoted Cjfk ■= Cj^^gif and 
Cj.jk is its conjugate; 

iv) Ci^-h\k = i.d-hL\k)9ir + {d-hNDdn; 

v) Cifh\k = {dhL\j?jgif] 

^jhk ~ ^lhk\j ~ ^ohr'^kj = 0- 

Proof, i) and iii) results by ([23]), (J23D, (I23D and C^^ = Ci^ = 0. 
For ii) we have 



Pro-kk = 9^.P;-^, = g^ANl = -g^A (g'^'^rf) 
= g^,g'^'g'' [hgi^) - g^fg'^A [W) 



9"^' [dm 



Because := Cj^rf it leads to 



From here, result the second relation of ii). The others immediately result by 
this. 



Now, differentiating N^gi, 



dgj_ 

dz^ 



■r]^ with respect to 77' yields Lli^gi: 



NlCifi, which differentiated by rj leads to iv). 

dz^ 



Differentiating L\j^gif = ^ — NlCifi, by rj^ it results v). 



It is obvious that P*-7-, 



A^fc- Hence, 



jhk 



+ PkkC}i 



-d,i^N^ + n^Ai = d^Pk. + PkkC]i 



Ohk 

+ nV.a'i-e. vi). 



□ 



Proposition 2.2. For any X G r°(T'M) the following properties hold true: 



i) X 

ii) X 



Hi 



X\ 



\j\k 



X 



\j\k 



Ok] I 



Proof. We have 



X 
X 



LI, [d:X 

-pkM 



LljX\i and 
~Pokj-^\i- 



On the other hand, 



X = 5,i dkX - dkidjX) = 6, - dkiX^, 



X 



k\j 



LljX\ 



\j\k 



Cjf^X\i and 



S,, d-,\ X = 6, i^d-,X) - d-,{6,X) = 5, {X\-,) - d-,iXy 

= ^\k\j " ^\j\k- 

From the above relations it results i) and ii). 



□ 



For the vertical section C = r]^dk, called the Liouville complex field (or 
the vertical radial vector field in [Tj), we consider its horizontal lift x •= Vi^^k- 

According to [1], p. 108, [15], p. 81, the horizontal holomorphic curvature 
of the complex Finsler space (M, F) in direction rj is 



2g{R{x,x)x,x) 



j2^(Rix,x)x,x)- 



(2.7) 



Let us recall that in |T]'s terminology, the complex Finsler space (M, F) 
is strongly Kdhler iff Tj^ = 0, Kdhler iff Tj^r/-' = and weakly Kdhler iff 
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guTjkV^Tf = 0, where TJ^ := D-j^ — L\-. In |10J it is proved that strongly Kahler 
and Kahler notions actually coincide. We notice that in the particular case 
of complex Finsler metrics which come from Hermitian metrics on M, so- 
called purely Hermitian metrics in p5], (i.e. gq = gfj{z)), all those nuances 
of Kahler coincide. 

It is well known by [H US] that the complex geodesies curves are defined 
by means of Chern-Finsler {c.n.c). But this (c.n.c.) derives from a complex 
spray if the complex metric only is weakly Kahler. On the other hand, its 
local coefficients Nj = g'^'^^^^rf, always determine a complex spray with 

c 

coefficients G* = ^N^rj^ . Further on, induce a (c.n.c.) by A'j:= djC called 
canonical in p5], where it is proved that it coincides with Chern-Finsler 
(c.n.c.) if and only if the complex Finsler metric is Kahler. Using canonical 
(c.?7,.c.) we associate to it the next complex linear connections: one of Berwald 
type 

BT := (^N;, 4^:= 4 N}=V,^, L)-^:= 4 N], 0, j 
and another of Rund type 

RT := (^], 4^:= \g'\k gfl+ 5, g,j),L)-^:= gfl- Sj 0, , 

where 5^:= Nl dj. RT is only h— metrical and BT is neither h— nor 

c B 

V— metrical, (for more details see [U]). Note that 26** = N^r]^ V'' ~^]k 

c c B 

r]^ri^. Moreover, in the Kahler case we have 6k= 5k and so, U^j^ =U-j^=U-j^ 

c 

and L\-= 0. 

Further on, everywhere in this paper the Berwald and Rund connections 

c B c 

will be specified by a super-index, like above (e.g. 5^, L*;,, Lk, Xb , etc.), 

while for the Chern-Finsler connection will be kept the initial generic notation 
without super-index (e.g. 5k, L'^jk, X\k, etc.). 

In the real Finsler space is Landsberg if the Berwald and Rund 

connections coincide. Nevertheless, in complex Finsler geometry some dif- 

B c 

ferences appear. We speak about complex Landsberg space iff U'^j^=U-f,, and 

B c 

about G - Landsberg space iff L*;,=L*;. and the spray coefficients are holo- 
morphic functions with respect to 77, i.e. S^G* = 0, (see [5]). 

Theorem 2.1. (IS^) Let [M, F) be an - dimensional complex Finsler space. 
Then the following assertions are equivalent: 
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i) (M, F) is a G - Landsherg space; 

B c 

B 

Hi) C B =0 and C b_ = 0, where i is h— covariant derivative with 

Irh I rOh\0 

respect to BT connection. 

We note that any complex Finsler space which is Kahler is Landsberg, 
too. So, by replacing the Landsberg condition from definition of the G - 
Landsberg space with the Kahler condition, we have obtained another class 
of complex Finsler spaces, called us G- Kahler. On the other hand, keeping 
with Aikou's work, a complex Finsler space which is Kahler and L*^ = L^jk{z) 
is named complex Berwald space. Some tensorial characterizations for these 
classes of complex Finsler spaces are contained in the next theorem. 

Theorem 2.2. (15]) Let (M, F) he an - dimensional complex Finsler space. 
Then the following assertions are equivalent: 
i) {M,F) IS G - Kdhler; 

B c 

zz) I^.T=U-r; 

' jk jk' 

Hi) (M, F) is a complex Berwald space; 

iv) (M, F) is a Kdhler and either Cif,^^ = or Gifh\k = 0. 

From Proposition 2.1 iii) and by S^j^^ = P-jjjii., a complex Berwald space 
is a Kahler space with either H.j^^ = or P-j{i;j. = 0. Between above classes 
of complex Finsler spaces we have the inclusions: complex Berwald space C 
G - Landsberg C complex Landsberg space. 



3 The complex Berwald frame 

Let (M, F) be a 2 - dimensional complex Finsler space, (2;^, r]^)k=T2 be com- 
plex coordinates on T'M and VT'M be the vertical bundle spanned by {dk}. 
Further on, the indices i,j, k, ... run over {1, 2}. Let g^j be the fundamental 
metric tensor of the space and Q the Hermitian metric structure (12. ip . defined 
on Tc{T'M), with respect to the adapted frames of Chern-Finsler (c.n.c). 
We set / := and its dual form is a; = liSri\ where 

= and k = ^gfjff = gfjV. (3.1) 

Now, our aim is to construct an ort honor mal frame in the vertical bundle 
VT'M., which is 2 - dimensional in any point. Therefore, it is decomposed 
into VT'M = {/} © {l}^, where {l}^ is spanned by a complex vector m. 
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linear system 



Requiring the orthogonality condition Q{l,m) = and Q{'m,rh) = 1, i.e. m 
is a unit vector and, using nii := Qijin^ , the above two conditions get the 
hm^ + /2m^ = 
iTLim} + m2m? = 1 
We try to solve this system following the same technique from [8j for 
real case. Nevertheless, let us pay more attention to this system. Passing in 
real coordinates, it contains three real equations with four real unknowns. So 
that it doesn't admit an unique solution. Formally, solving this system as one 
linear, it is obtained the 'solutions' m} = = ^, mi = —AP and m2 = 

Al^, where A = /im2 — hi^i, which indeed are not completely determined 
because A depends on m,. We can say more about these 'solutions'. A 
straightforward computation proves that |A| = ^ and A' = TA under a 
change of the local coordinates {z^,v'')k=T^ i^^o {z'^ ,Ti'^)k=T^^ where g : = 
det(5fjj) and T := det {^rj^- Therefore, a natural question is if there exists 

at least A with the above mentioned properties. The answer will come below, 
when we find two distinct particular solutions for A. 

Subsequently, our statement will be made for a fixed choice of A and then 
{/, m, r, m} with 

m = h^-hdi + hd2) (3.2) 

will be called the complex Berwald frame. Surely, the dependence of the 
chosen for A will be analyzed everywhere. 

But when we work in a fixed local chart, we can choose A = y^, i.e. A is 
real, which produces the unique solutions = = mi = —y/gP 

and 1712 = y/gl^ ■ Thus, we have 



m = ^{-l2d^ + hd2), (3.3) 

in this fixed chart. 

Then {/,m, /,m}, with m given by (13. 3p will be called the local complex 
Berwald frame of the space. 

Note that (13. 3p provides only a local frame, because the set of natural 
local basis in every chart does not have tensorial character. For this reason, 
considering a change of the local coordinates, we obtain 

which show that m is not a vector, but it depends on the local change. 
Therefore, it will say that m from (13. 3p is a pseudo-vector. 
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Although m from fl3.3p depends on the local changes of the coordinates, 
it is very important in our study, in a fixed chart. Certainly, further on we 
will be very careful with the global validity of our assertions. We will see that 
together with its horizontal extension it gives rise to some invariants which 
will characterize two dimensional complex Finsler spaces. A first and useful 
remark is that the quantities rriim^ , m^m^ , rriim-j and m^m are independent 
of the chosen local chart, and hence they have global meaning. 

With respect to the local complex Berwald frame, dk and gfj are decom- 
posed as follows 

di = lil + niim and hence g^j = lilj + miirij . (3-4) 

From here we deduce that 

Cjk = g^'dkgjrh = Al'iJikTiij + Bm'mkmj, (3.5) 

where we set 

The dependence of the vertical terms A and B of the local charts is 
obvious. A' = -pfp^ ; B' = j^-B- Thus, A and B are not invariants, but if 
they are zero in a local chart, then they are zero in any local chart. Moreover, 
by means of A and B and setting A = B^/g with = 1 or A = \^Ag with 
\A\^ = 1, we obtain two particular solutions for m from (13. 2 p which certify 



the existence of the complex Berwald frames. 

Further on, all our work will be with respect to the local complex Berwald 
frame, where m is given by (13. 3p . 

Therefore, the formulas from Proposition 3.2, in [T7], become 

Kh) = ; Kli) = ; Krrii) = ; l{mi) = ^m^; (3.6) 

m{li) = Ami ; rn{li) = ^rrii ; m{mi) = ^Brrii - ^k; fa{mi) = ^Bmf, 

m{r) = ^m' ; m{r) = ; 
F 

m{m^) = —-Bm'' — AV ; rh{m^) = — — -Bm\ 
2 F 2 

By a direct computation, using the above relations, we obtain formulas 
for the vertical covariant derivatives of /, m, J and fh with respect to the C — F 
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connection 

= i^klj + Amirrij] h\j = ^kl] + j^mim-j; (3.7) 

1,1, B ,-1,5 

ruilj = —rriilj - —knij - —niimj ; mi|j = ^milj + —mimy, 

\j ~ p"j 2F ' '-^ ~ 2F ■' ' '-^ ~ 2 ' 
m \ j = — Lm H mo-m ; m h = — Lira m-A m^m , 

and their conjugates. 

Moreover, because l{C^j) = and l{C^j) = —jCkj by some computation, 
it results 



Ah 


= dnA 


Bk 


= hB 


A\h 


= dhA 




= dhB 



(3. 



[lf,l + mj,m)A = + A\sm'mh, 

{1-J+ mr,rh)B = —1-^ + B\sm'mh, 
5A 

[hi + mhm) A = -^Ih + Alsm^mh, 
3B 

{Ihl + mhm) B = + B\sm^mh. 

Now, via the natural isomorphism between the bundles VT' M and T'M, 
composed with the horizontal lift of HT'M, we obtain the following orthonor- 
mal local frame on HcT'M, 

{X := r6i, fi = m'-Si, X := PS^, p, = m'Si}. 

Let D be the C — F connection on {M,F). Further on, let us give an 
explicit expression for C — F connection with respect to horizontal local 
frame {A,yU, A,/i}. Moreover, using (13. 4p and L*^ = g^'^Skgjm it results 

L}j, = JlHjlk + Ul'mjlk + VlHjmk + XVmjmk (3.9) 
+Om^ljlk + Ym^mjlk + Em^ljmk + Hm^mjmk, 

where we set 

J : = Pl%Li^- U := mn\L)^- V := Pm\L]^- X := m^m%L]^ (3.10) 
O : = Pl^mihit^] Y := mn'^miL^^; E := Pm^miL],^] H := m^m'^mi^f^. 
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Here the horizontal settled quantities do not have tensorial character, 
because under the change of charts we have 

J' = J + T:,n%. ■U' = y^^{U + Um'^hr) ; (3.11) 

O' = ^(O + Uri'mr) = ¥ + Um'^fmr ; 
where Tl := t^t^ 



'ab ■ dz'^ dzb dz'idz"' ' 

Firstly, the properties of the C — F connection A^^ = Uj^^r]^ and djNl = 
U-j^, (see permit us to establish some links between the vertical and 

horizontal terms (13.101) of this connection. Indeed, 
Nl = F{JlHk + Vl'mk + OmHk + Em'mk) and 
L*^ = (Ijl + mjm)[F{JlHk + Vl'mu + Om% + Em'rrik)] 
= [i J + Fl{J)]l%lk + [Fm{J) -V - FAO]rmjlk + [Fl{V) + lV]rijmk 
+ [Fm{V) + FAJ + \FBV - FAE]l'mjmk + [Fl{0) - \0]mHjlk 
+ [Fm{0) + J - \FBO - E]m'mjlk + [Fl{E) + \E]mnjmk 
+ [Fm{E) + V + FAO]m^mjmk which together with (13.91) give. 

Proposition 3.1. Let {M,F) be a 2 - dimensional complex Finsler space. 
Then 

J\k = ^Jlk + iUU + V) + AO]mu; 
ii) V\k = -^Vh + [A{E - J) - \BV + ^X]mk- 
III) 0\k = ^Ok + [UE + Y-J) + \BO]mu; 
iv) E\k = ^Eh +[^{H-V)- AO]mk. 

Proof. In the fixed local chart the assertions i)-iv) are true. We must prove 
their global validity. For example, under the change of a local chart, we have 
V'\k + hV% - [A{E' - f) - \B'V' + lX']m', 

= ^\^{V\r + ^Vlr-[A{E-J)-\BV + ^X]mr},^\ieie V'^ := d'^V . 

Because V\r + -^^Vlr — [A{E — J) — \BV + jX]mr = 0, by its change rule 
it results that it is zero in any local chart. Analogous results the geometric 
character of the others assertions. □ 

Proposition 3.2. Let (M, F) be a 2 - dimensional complex Finsler space. 
Then 

i) It is Kdhler if and only if U = V and Y = E; 

ii) It is weakly Kdhler if and only if U = V. 
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Proof, i) By ([S3D, L}^ - 4- = {U - V)rmjh + {V - U)l%mk + {Y - 
E)rrfmjlk + {E — Y)mHjmk. So, Lj/^ — L\- = if and only ii U = V and 
Y = E. 

To prove ii) we compute giiTjf,r]^r]^ = F'^{U-j^ — L\-)liP = F'^{V — U)mk. 
It results gfiTjf.rj^fj'' = if and only if U = V. 

Taking into account the local changes of U — V and Y — E, it follows the 
global validity of these statements. □ 

Further on, several calculus imply the following properties. 

Proposition 3.3. With respect to the local Berwald frame, we have: 

X{li) = Jk + Urrii ■ X{k) = A(r) = ; A(r) = -Jf - Om' ; (3.12) 
A(mi) = 0/j - i(J - Y)mi ; A(mi) = i( J + Y)mi ; 

A(m^) = -Ul' + ^{J - Y)m' ; X{m') = -^{J + Y)m' ; 

^(/.) = Vk + Xrrii ; fi{li) = Ji{r) = ; = -Vf - Em' ; 

^{rrii) = Eli + ^{H - V)mi ; Jji{mi) = ^{V + H)mi ; 

X{g) = ( J + Y)g ; ix{g) = (V + H)g ; 5i = kX + m,/x ; A(L) = /i(L) = 
and their conjugates. 

Then, from fl3.12p we deduce that 

h\j = h\j = l\j = % = 0; (3.13) 
m,y = -^[{J + Y)lj + {V + H)mj]m,; rriiy = ^[{J + Y)lj + {V + H)mj]mi; 

= ^[( J + Y)lj + {V + H)m,]m'- m\-. = -^[( J + Y)lj + {V + H)mj]m' 
and theirs conjugates. 



4 Curvatures of the C-F connection 

In this section, we shall compute the curvature coefficients of the C — F 
connection with respect to the local frames {/, m, I, fh} and {A, /i, A, p,}. By 
means of these, we characterize the 2 - dimensional complex Finsler spaces. 
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4.1 The vv— Riemann type tensor 

Firstly, we study the vv— Riemann type tensor 5"^^^^. Taking into account 
Proposition 2.1 iii) and the formulas fl3.5p . (13. 7p and f lS.Sp . we have 

Sfjhk = -{Mfnijmk + Bmfmjmk)\-h 

= [-A\j, + '§k + i-y^B + ^)mj]km^mk 

+ {-B\h + ^h-_^mi)rnfrrijmk 

= {—A\sm^ — AB + y)mjjjfmjmk + (— i?|gm'* — ^)m-fjnfmjmk. 
But, Sj:j-f^i^ is symmetric in j, k and f, h. Therefore, it results that 

S^jjlf. = Im-^mfmjmk ; A|jm'' = -AB + — , (4.1) 

, 5 BB 
where I := — i? Um . 

We note that I is invariable to the changes of the local coordinates thanks 
to Spjj^i^ and mjmj^mkmf which are tensors. Further on, we point out some 
properties of the function I, called by us the vertical curvature invariant. 

By analogy with (12. 7p . we define the vertical holomorphic sectional cur- 
vature in direction I 

Kli{z,ri) :=2R(/,M,0 (4.2) 
and the vertical holomorphic sectional curvature in direction m 

Kp^^{z, rf) := 2R(m, m, m, fn) (4.3) 

Theorem 4.1. Let (M, F) he a 2 - dimensional complex Finsler space. Then 

a) Kp^{z, 1]) = 21 and I is real valued; 
iii) I|o = —I. 

Proof. By gl]) R(/, [, I, I) = iHnH^S.jj^t, = and 

R(m, m, m,m) = m^rrfm^m'^S^p^^ = I. Indeed, I = R(m,m,m,m) = 
R(m, m,m, m) = I. These imply i) and ii). 

Considering the Bianchi identity S^^-jii^li = Sf^j-j^^^lk, (see [15], p. 77) and 
using the relations (13. 5p and (14. ip . we have 

I\imf^mfmjmk — j;lmj^mfmjmilk = I\krnf^rnfrnjrni — j:lrnf^rnfrnjrnkli, which 
contracted by m^rrfm^ntl^ gives iii). □ 

Proposition 4.1. Let (M, F) be a 2 - dimensional complex Finsler space, 
i) It is purely Hermitian if and only if A = 0; 
li) If \A\ ^ and B = then 1 = and A\j^ = ||/^. 
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Proof. By fl4.ip . A = implies B = 0. These give C^j^j = which means that 
= 0, i.e. F is purely Hermitian. Conversely, if F is purely Hermitian 
then A = B = 0. Thus, the assertion i) is proved. 

The claim ii) follows readily from (14. ip and (13. 8p . Obviously, the state- 
ments are independent of the changes of local charts. □ 

The above Proposition shows that there are 2 - dimensional complex 
Finsler spaces with Kp^{z,r]) = which are not purely Hermitian. Subse- 
quently, we pay more attention to the case AB'^ ^ 0. 



4.2 The vh— Riemann type tensor 

Let '^ifjhi^ be the vh— Riemann type tensor. Using the Proposition 2.1 iii) 
and the formulas (13. 5p and (I3.13p . we have 

2.,7^fc = + + y)lfk + A{V + E)hmj, (4.4) 

B B 
+B\-hmf + —(J + Y)mfk + -^{V + H)mfmf]mjmk. 

We wish to investigate the relationship among A, B, I and to characterize 
the 2 - dimensional complex Finsler spaces by means of these. For this, 
contracting the Bianchi identity 

"^rjhkls ~ Srjsk\h + '^rjpkC^h ~ (4-5) 

(see [12], p. 77), with the tensor nfm^m^m'^ and taking into account (14. 4p 
and (13.71) . we obtain 

'^rjhkU^''^^^^'^'' = -{B\-h\sm'' + ^B\j, 
+ i[-I( J + Y) + B{J + Y)Um' + H)]k 

mB\sm'{V + H) + Biy + H)\,m']mj,y, 
Srjsklhrr^rn^m'm'' = I^-^; 

'^fjpkClh^'m^rn^ryf = -[|S|o + BB^^mf + M( J+ F) + ^(V^ + H)\mj,. 
Hence 

B\h\-sm' = -{l[-l{J + Y) + B{J + Y)\,m' -^{V + H)]lj, (4.6) 
+\[{-l+^){V + H) + B{V + H)\,m' 
+2jB\Q + 2BB\pmP + AB{J + F)]mji + I,;, + ^B\j,} 
and its conjugate. 
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On the other hand, contracting in (14.51) by nfm^mJ'l'^^ using 
+ f + H) + {V + H)\o\m-,} and 
we have, 



1 5. J + Y 

By + H 



B\-h\-o = 7;B\-,--[ — + iJ + YMk (4.7) 



2 ' 2 



+ {V + H)\o]m-„ 



and its conjugate. 

The conjugates of (14.61) . (14.71) and Theorem 4.1 ii) allow us to write 

B\k\, = ^{Bik-B[-:^ + iJ + Y)\o]h (4.8) 
-B[^^^ + {V + H)\o]mk}lj 
-{\[-I{J + Y) + B{J + Y)Um^ - |(y + H)]h 

+ l{i-l+^)iV + H) + B{V + H)Um^ 

A - - - B - 

+2-S|o + 2BB\,m' + AB{J + Y)]mk + l\k + 
r Z 

It is also worthwhile to note the following identity 

B\j\^ = ^B\,lj (4.9) 

+ l^ifc + + i(-I-:^)[( J + y)4 + {V + H)m,]}m^, 

which is obtained from (13. 7p . (13. 8 p and (14. ip . 
Therefore, (USD and (gl]) lead to 

= q,S|, + f{i[-^^ + (j + r)|o]w, (4.10) 



2 'F' 2 
1 .F + g 
2 

S_ _ „ 1 



+ [B{V + H) + {V + H)lm' + A{J + Y)]mkm, - B^km,}, 
because Cjj^B^i = (^5|o + BB\sm^)mk'mj. 
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4.3 The hv— Riemann type tensor 

Now let us consider the hv— Riemann type tensor Pf^jj^i.. By Proposition 
2.1.ii) and formulas (13. 5 p and (13. 7p . it results that 

PfOhk = -F[Aik + A{J + Y)k + A{V + H)mk]mrmj,. (4.11) 

But, Proposition 2.1 vi) allows us to reconstruct Pj^jjii.. Indeed, 

Pfjhk — PfOhklj + PfOhs^kj (4-12) 

and from (14. lip , we obtain 

P,o-ksCkj = -FljA^o + BA^.m^ (4.13) 
+AA{J + Y) + BA{V + H)\mfmjjnkmj 

and 

Pfmk\, = -{-\A\kh + FBA\km, + FA\k\, - A{J + (4.14) 

F AB 

+A[FB{J + y) - (\/ + H)]lkmj + -^{V + H)mkmj 

+F[A\j{J + Y) + A{J + Y)\,]h 
+F[A\,{V + H) + A{V + H)\,]mk}mrmj,. 

Plugging fHl3|) and fITOD into fHl2D . gives 

Pfjhk = -{-^Ak^J + FBA\km, + FA\k\j - A{J + Y)hlj (4.15) 
+A[FB{J + Y)-{V + H)]lkmj 

3^/4/? 

+ [AA\o + FBA\,m' + FAA{J + Y) + -^—{V + H)]mkmj 

+F[A\,{J + Y) + A{J + Y)\,]k 
+F[A\j{V + H) + A{V + H)\j]mk}mrmj,. 



Recall the following property, P^jtIa; = '^jrkh = '^jrkh- Writing it by means of 
(14. 4p and (I4.15p . we obtain the conditions 
3 

^Ifclo = 2^|fc ; (4-16) 
A\k\jm^ = ^B\,-BA\k~[^{J + Y) + AiJ + Y)\sm'-^{V + H)]k 

-[(^ + —)iy + H) + A{y + H)lm^ + AA{J + Y) 

A— — 

+— A|o + BA\sm']mk 
r 
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and theirs conjugates. 

From both formulas (14.161) . it follows that 

= jp'^lkh + - BA\k (4.17) 

-[(^ + —){V + H) + A{V + H)Um^ + AA{J + Y) 

A— — 

+— A|o + BAism'']mk}mj. 
r 

Moreover, from (13. 7p . (13. 8p and (14. ip . we have 

3 X 

^lilfc = l^^\kh + {-BA\k - AB\k + (4.18) 



B AB 



By subtracting (14.171) from (14.181) . we get 

= C]kA\i (4.19) 

-A{B\u - [|(J + y) + (J + Y)lm' + H)]h 

-[B{V + H) + {V + H)lm' + A{J + r)]mfe}m,-, 

because Cj^An = (^A|o + BA\sm^)mkmj. 

Theorem 4.2. Lei (M, F) be a 2 - dimensional complex Finsler space. Then 
it is 

i) purely Hermitian, or 
li) with \A\ ^ 0, B = and 

iJ + Y)\sm' = hv + H); {V + H)\sm' = -A{J + Y), (4.20) 

or 

Hi) with AB^ 7^ and 

iJ + Y)\o = ^; {V + H)\o = -^^^ ; (4.21) 

B\k = [^{J + Y) + {J + Y)\sm' ~ ^{V + H)]k 

+ [BiV + H) + {V + H)lm' + A{J + Y)]mk. 
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Proof. Writing the identity i) from Proposition 2.2 for the vertical terms A 
and B it involves A\k\j — A\j\k = Cji^A\i and B\k\j — = C'^jk^\i- But, 
taking into account (14.191) and fl4.10p . it follows 

'^{B\k -[^{J + y) + {J + y)\sm'' - hv + H)]h (4.22) 



and 



\B{y + H) + {y + H)\sm' + A{J + Y)]mk}mj = 



B{j[-^ + {J + Y)\o]kl, (4.23) 
+ [B{V + H) + {V + H)lm' + A{J + r)]mfcm, - 5|fem,} = 0. 



Hence, we have the cases: 

1. If A = then by means of Proposition 4.1 i) gives the statement i), or 

2. If ]4 ^ then \A\ ^ and by KTI\\ we obtain 

B\u = [^{J + Y) + {J + Y)lm'-j{V + H)]h (4.24) 
+ [B{V + H) + {V + H)lm' + A{J + Y)]mk, 

which substituted into (I4.23P leads to 

B{[-^^ + {J + YMkh + [^^^^ + iy + H)\,]mklj} = 0. (4.25) 

From here, it results either I? = which together with (I4.24p gives ii) or 
B 7^ 0. In this last case we have \B\ ^ 0, and by fOi|) results (J + y)|o = 
^ and (l^ + //)|o = which with fg:^ imply iii). 

The independence of the above statement to the changes of local charts 
results by straightforward computations using (13. lip . □ 



4.4 Two dimensional complex Berwald and Landsberg 
spaces 

The above considerations offer us the premises for some special characteriza- 
tions of the 2 - dimensional complex Berwald and Landsberg spaces. Firstly, 
we write the identity iv) of Proposition 2.1 in terms of the local complex 
Berwald frame. Some computations give 
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dj,L], = {[1{J) + ^J]l%k + im - ^Ufm.h + [^(V^) - ^V]l%mk 
+ [1{X) - ^Xfrn^nik + [l{0) + ^0]m}ljlk + [1{Y) + ^y]m^m,/fc 
+ [1{E) + ^E]m%mk + [1{H) - ^H]m'mjmk}J-h 
+{[m(J) - ;^0]/^/,-4, + [m{U) - i(y - J) + |S^]rm,-4 
+ [m{V)-^E-J) + lBV]l%mk + [m{X)-^H-U-V) + BX] I'm^ruk 
+ [m{0) - \BO]mHjlk + [fn{Y) + ;^0]m*mj/fc + [m{E) + ;^0]m*/jmfc 
+ [m(if) + j:{Y + E) + \BH]ntmjmk}m-^. 
Using S-^-T^^ = -Cj^k\h and f l4.4p it results 

C,ffc|;i = + A(J + F)M;i + A(y + i?)/,m;i + S|;im,- + f (J + F)m,/;i + 

The above outcomes substituted into Proposition 2.1 iv), lead to 

Proposition 4.2. Let (M, F) be a 2 - dimensional complex Finsler space. 
Then 

^) J\-k = -wJh + TOm-k, V\-k = ^Vk + -J)- \BV]mj,; 

ii) 1{U) -^U = 1{X) -^X = l{0) + ^0 = 1{Y) + ^Y = 1{E) + ^E 

= 1{H) -^H = 0; 

m) m{U) - ^Y -J) + \BU + FA[m{0) - \B0] = 0; 
zv) m{V) - ^{E -J) + \BV = 0; 

v) m{X) - ^{H -U-V) + BX + FA[m{E) + ^O] = 0; 
vt) ^A\o + A{J + Y)= m{0) - \B0- 
vii) ^B^o + f (J + Y)= m(Y) + ^0 + FB[m{0) - ^BO]; 
vm) A\km'' + A{y + H) = m{E) + ^O; 

ix) B\km^ + ^{y + H)= m{H) + ^{Y + E) + \BH + FB[m{E) + ^O]. 

Next, we rewrite the identity v) from Proposition 2.1, dhE^jj^ = Cjfh\kg" 
with respect to the complex Berwald frame. Taking into account Proposition 
3.1, we have 

dhL]^ = {[1{U) + ^Uprujlmk + [KX) + ^Xfrn^nik 
+ [/(y) - ^Y]m}mjlk + [1{H) + ^H]w}mjmk}lh 

+{[m{U)-A{Y-J) + \BU-^X]l'mjlk + [m{Y) + AO-^{H-U)\ntmjh 

+ [m(X) + A{U + V-H) + BXfrrijmk 

+ [m\H) + A{Y + E) + ^X + \BH]m'mjmk}mh. 

On the other hand, Cjrh\kg^' = {[A\k - A{J + Y)lk - A{y + H)mk]l' 

+ [B\k — y(J + Y)lk — ^(y + H)mk\rn}}mjmh. From here we obtain 

Proposition 4.3. Let (M, F) be a 2 - dimensional complex Finsler space. 
Then 

t) m + ^U = 1{X) + ^X = 1{Y) -^Y = 1{H) + ^H = 0; 
ii) m{U) - A{Y - J) + ^BU -j^X = ^A^o - A{J + Y); 
ill) m{Y) + AO-^{H-U) = ^B\o - f ( J + y); 
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iv) m{X) + A{U + V - H) + BX = A\km^ - A{y + H); 

v) m{H) + A{Y + E) + ^X + \BH = B\km^ - f + H). 

We note that the assertions of Propositions 4.2 and 4.3 are preserved to 
changes of local charts. 

Now, taking into account (13. 9p . we have = -^(J/* + Ont). By (13. 6p 
and by Proposition 4.2 i), ii) and vi) result d^G^ = ^[m{0) — ^BO]m''-mf^ = 
■|[A|o + FA(J + Y)]ntm}^. So, we have proved 

Lemma 4.1. For any 2 - dimensional complex Finsler space, dj^G^ = if 
and only if m{0) = \B0, equivalently with A\q + FA{J + y) = 0. 

Theorem 4.3. // (M, F) is a Kdhler 2 - dimensional complex Finsler space, 
then d-y,G' = 0. 

Proof. By Propositions 3.2, 4.2 iii) and iv) result FA[m{0) — \B0] = 0. So, 
we have either A = or fh{0) = \B0. If A = 0, by Proposition 4.2 vi) we 
obtain m{0) = \B0, which is globally. So that dj,G^ = 0. If m(0) = ^BO, 
by Lemma 4.1, results df^G^ = 0. □ 

Remark 4.1. The above theorem shows that in dimension two, the class of 
the complex Berwald spaces coincides with the class of Kdhler spaces. 

Theorem 4.4. A 2 - dimensional complex Finsler space is Berwald if and 
only if it is weakly Kdhler and dj^G^ = 0. 

Proof. The necessity is obvious. For sufficiency, using Propositions 3.2. ii), 
4.3 iii) and iv) and Lemma 4.1, it results fh{V) — j:(Y — J) + \BV = and 
fh{V) — j;{E — J) + \BV = 0. From here we obtain Y = E, i.e. the space is 
Kahler, and therefore Berwald. □ 

Proposition 4.4. // (M, F) is a 2 - dimensional complex Berwald space, 
then 

U\k = + [jiY - J) - ^BU]m-,; Y\-, = -^Yh, - jOmj,- 

0\-k = -^Ok + iBOm-,; X\-, = ^Xk + [jiH - 2V) - BX]m-,; 
H\-k = - i^Y + \BH)m-,- (4.26) 

equivalently with 

= -A{J + Y)k - A{V + H)m-,- (4.27) 
B\u = -^{J + Y)k-^iV + H)m-,; 
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equivalently with 



U\k = -^Uh + [A{Y - J) - IbU + lx]mk; (4.28) 
y\k = ^Yh + [j{H-U)-AO]mk; 
X\u = -^Xh-[2AU - AH + BX]mk, 

Zr 

H\k = -^Hh - [2AY +^BH + ^Xjmk, 
equivalently with 

A\k = A{J + Y)lk + A{V + H)mk] (4.29) 
B\k = j{J + Y)lk + j{V + H)mk. 

Proof. Under the assumption of Berwald, we have djiC^ = dj^Nl = djiD-^, = 
which together with Proposition 4.2 induces f l4.26p . Using Theorem 2.2 and 
Propositions 4.2 and 4.3 it results the equivalence between f l4.26p . (14.271) . 
fl4.28p and (I4.29p . By straightforward computations it results their global 
validity. □ 

We note that the equivalent sets of relations (g^S]), fH^ . and 
fl4.29p have a geometric character and are only necessary conditions for com- 
plex Berwald space. These become sufficient together with weakly Kahler 
condition. 

Trivial examples of complex Berwald spaces are given by the purely Her- 
mitian and locally Minkowski manifolds. An nontrivial example of 2 - di- 
mensional complex Berwald space is welcomed. 

Let A = {{z,w) e C^, \w\ < \z\ < 1} be the Hartogs triangle with the 
Kahler-purely Hermitian metric 

1 

= g;i^(^"S (i_|^|2)(|^|2_|^|2) )' o^'iz,w-.V,0) = a.jv'rf, (4.30) 

where z, w,?], 6 are the local coordinates z^, z'^, rj^, if, respectively, and 
|2;*p := z^z'^, z^ G {z,w\, rf E {r],0}. We choose 

7/; r 

= - I I. I I. - (4.31) 



r — \w\ 



With these tools we construct a{z,w,r],9) := aiji^z., w)rfrf and (3{z,r]) 
bi{z, w)r]^ and from here we obtain the complex Randers metric F = a + \ 
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and the complex Kropina metric F := -pj-. By a direct computation, we 
deduce 

(^zz ~ \ 1^772 ~^ ^z^zi ^zw ^z^tDi (^ww ^w^nn (4.32) 

WZ (1 — \z\'^f' 



[l-\z\^? 



-.zz / 1 I _ 1 2\ 2 wz 



a~~ = (1- ; a - 





2 , 




\w\ 






\z\ 


2 



\w\ 






\z\ 






\z\ 


2 



^z = 0; 6^" = ||5||2 = 1; «2 _ |^|2 ^ b?P 

^ (1 - |z|2)2 

and the horizontal coefficients of the C — F connection are 

22 1 1 
rz _ . =7"^ = n • = I- 



zz -I I 19 ' zw wz " I zz 1 I 19 I 19 I 19 ' 

1 — 1 — Fr ~ l""^! 

2w 



LZ.. = U 





\z\ 


2 + 1 


w\ 


2 


z( 


> 


2 _ 


\w 





zt" ^ (-1^12 _ U„|2^ ' - |iy|2 

which attest the Kahler property. The spray coefficients 

1 — z \1 — \zy \z\'^ — \w\'^ J \z\'^ — \w\'^ 

are holomorphic in rj. Moreover, Kp^{z,T]) = — < 0. 

Proposition 4.5. // (M, F) is a 2 - dimensional complex Berwald space, 
then I\j = 0. 

Proof. Firstly, because the space is Berwald, the identity ii) from Proposition 
2.2 is B\j,y - Bylk = 0. On the other hand, the relations ([X7D, (M, flXT^ . 
fHlD and flCTj) lead to - By\k = -Ii^m^. So, I|j = 0. □ 

The converse of the above Proposition is not true. There exist 2 - di- 
mensional complex Finsler spaces with l\j = which are not Berwald. We 
attest this fact by an example. Namely, we consider the complex version of 
Antonelli - Shimada metric 

Fls = Las{z, w; r], 6) := e^'^ (|?7|^ + \e\^) ^ , with r/, ^ ^ 0, (4.33) 

on a domain D from T'M, dime M = 2, such that its metric tensor is non- 
degenerated. We relabeled the local coordinates z^, z"^, t]^, rf as z, w,ri, 9, 
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respectively. a{z,w) is a real valued function and l?]*^ := 77*77*, 77* G 

(US])- 

A direct computation leads to 

e''^m\v\'+2m. Ti_2|77i^+i^r. 



9zz ■ = 9ii = n ! 9 -=9 



9zw ■■ = 9i2 = TH ; 9 -=9 



7-3 ) a • or ' 

e''^m2\v\'+m_ 177^ + 21^1^ 



= 5^22 = 73 ; 9 -=9 

det {g-) 



2e'"'\r]\y\^ 



t2 ' 



iz '■ — k — 7;^ ; I'm '■— h — ; 

^AS ^AS 
1 1^1^ V. 2 1^1^ 

m : =m = ^ : := - 



V2\v\Fas' ■ V2\e\F, 



AS 



2e^''\ri\\e\e _ _ 2e4'^|?7||^|77 



rriz : = rui = ^ — - — ; 777^ := 7772 



AS V AS 

The nonzero coefficients of the C — F connection are 



^zz 




TW 

WW 


= 2^; 






^Iz 


e«-|^|«77 


/-~iz 

^WZ 


^AS 


^WW 


e8-|6'|V77 


WW 




r^w 

wz 


7-4 ' 


/-~iw 
^zz — 





From here we obtain 



O 9 /I 9 77^ ' /77i I Q I .a I Q 7-1 ' ' 



(4.34) 



^H^WFas ^f%r]f\efFAs ' ^As' 

and so I|fc = 0. Moreover, Kp^^^^{z,r]) = > 0. The local coefficients L*^ 
depend only on z and w, but the Antonelli - Shimada metric is not Berwald 
because, in generally, it is not Kahler. If cr is a constant, then the Antonelli 
- Shimada metric is Berwald and locally Minkowski. 
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The above examples suggest us to pay attention to the class of 2 - di- 
mensional complex Finsler spaces with I|j = —^k and = 0. With these 
assumptions we obtain ^ = N'^Ilr = —-plrNJl = —j§^- From here it results 
L-^ + = and so, = 0. Thus, we have proved 

Theorem 4.5. Let (M, F) be a connected 2 - dimensional complex Finsler 
space with I\k = 0, I|j = —j^k and AB^ ^ 0. Then IL is a constant on (M, F) 
and Kp_^{z, rf) = ^, where c G R. 

Proof. Indeed, from the above considerations we have = 0. Therefore, 
IL does not depend on z. Hence IL = c{r],f]), where c{ri,'r]) is real valued. 
Differentiating, we obtain I|jL + Fl/j = c|j. But, I|j = —-pk- Hence c|j = 
and its conjugate, which means that c is a constant. It results that I = f- D 

In order to investigate 2 - dimensional complex Landsberg spaces, we 
translate the RT and BT connections in terms of the local complex Berwald 
frames. After some computations we obtain 

4k = jri,h + ^^^{rm^h + l%mk) + [X-^{Y-E)]rm^mk (4.35) 

Y + E ■ FB 
+OmHjlk H — {m'nijlk + rriHjmk) + [H q^^^ ~ E)]m'mjmk 

and 

L' = jrLh + lL-t}^{rmAk + l%mk) (4.36) 

+{X + i[A|o - FA{J + Y)]}rmjmk + Om%k 

Y -\- E 1 FB 
+ — - — {m'mjlk + rnHjUik) + {H + -[B\o —{J + Y)]}m'mjmk. 

By fOHD . fOHjl and fl3ll]) immediately results 

Theorem 4.6. A 2 - dimensional complex Finsler space is Landsberg if and 
only zfFA{E-Y) = Aio-FA{J + Y) andFB{E-Y) = B\q-^{J + Y). 

Proposition 4.6. // (M, F) is a 2 - dimensional complex Finsler space 
weakly Kdhler with B = then it is Landsberg. 

Proof. Because U = V and -B = 0, by Proposition 4.1 ii) and Proposition 4.3 
ii) we have FA{E — F) = A\o — FA{J + Y), i.e. the space is Landsberg. □ 
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4.5 The hh— Riemann type tensor 

Let us investigate the hh— Riemann type tensor RffH}.. By (12. 5p . (13. 5p and 
(I3.12P we can write 

= - {lilr + niinif) {{hX + mj,Ji){L]^) 

+ [{lhX + miJi){Nl^)]{Armjmn +_Bm'"mjmn)} 

= - {klr + rriimr) h[KL]k) + F\{L1^)l' {Al' + 5mOm,m„] 

— {Ulf + miTrir) mh[fi{L^jf^) + Ffi{L^j^)l^{Al^ + Brrt)mjmn]- It results that 

RffHk = -[KkL],) + FAA(L:,r)m,mJ/,/^ (4.37) 
-\\{L]^)mi + FB\{UlJ^)mjmn]mfl-h 
-[fiikLik) + FAfi{L"^J')mjmn\lfm-h 
-[fi{L]f^)mi + FBfi{L'^^J')mjm\mrm-h. 

Further on, our goal is to find the link between the horizontal covariant 
derivatives of the functions (I3.10p and theirs properties. Indeed, from (I4.37P 
it follows that i?ooM = -LF\{lH'^liU-^)lj^ - LFjji{lH^liU-^)mj^ = -LJ^qIj^ - 
LFJ\sm'^mj^ and -Rooofc = ~LF\{lHiUjj^). The property -Rooa-o = -^ooofc leads 
to FX{lHiU-j^) = J\olk + FJ\s'm'^mk, which gives 

^o = ^|o; Jism^ = ^^-o + ^ViJ + Y). (4.38) 

Moreover, by jOT]) 

= -LFX{lHHiLi^)lr - LF\{in^miLi^)mf + \LFO{J + Y)mr 
= —LJ\qIj. — LO\Qmf. + ^LFO{J + Y)mf and 
i?g^go = -LFXilHiV^^;) - L^A\{lH'mnL'^^^)mr + \L''AO{J + Y)mr 
= -LFX{l''liLl.^) - LFAOforrir + \L'^AO{J + y)m,. 

But, RfOOO ~ -^rOOO ~ -^OrOO l^Q'ds tO 

J\olr + [0|o - iFOiJ + Y)]mr = F\{lHiLi^^) + FA[0\o - \FO{J + Y)]mr. 
The contraction with rrf gives 

0\o-\fO{J + Y)~ FA0\^ + ]^LA0{J +Y) = U\^ + ]^FU{J + Y). (4.39) 

Next, from (I4.37P we have 

= -F[0\-ok - \FO{J + Y)]lj, - L[0\-sm' - \0{V + H)]mj,. 
On the other hand 

R-orOhm' = -L\{mJ-liL\) - \L{J + Y){Ulh + Xmn) - LFAXil'ninL^f^) 
+\LFA{J + Y){Olh + Emu). 
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Using Rj^Qj^QmT = Rrohon^^ = RorOh^^^ we obtain 

[0|o - iFO( J + Y)]k + F[0|,m^ - iO(y + H)]mH 

= F\{rrfkU^^) + LAA(/^m„L^J + lF( J + + Xniu) 

-\LA{J + Y){Olh + Emh), 

which by transvection with gives 

0\sm' - \0{y + H)~ AE\^ = -^X|o + X{J + Y). (4.40) 
Taking again into account fl4.37p . it follows 

= ~F[V\-o + \FV{J + Y)]h - L[V\,m' + \V{V + H)]mj, and 

Rmh^^ = -LuiVki^jh)- 

These relations together with R^Qf^i^mJ^mP- = RoQi^im^m^ = R^Qifjii^m^ 
give 

V\sm' + ]^V{V + H) = V\sm' + ^V{V + H). (4.41) 

Next, fOTjl involves _ 

RfQhk^^^^ = —F\{Pm^miU-j?)l-^ — FfL{Pm'^miUjf^)mh 

= —E\qIj^ — FEism^mji and 

-Rorfcfe ^'"^^ = -F ji{liL\)rrf - LAji{l' L'^^^)mn. 

But, R^Qj^jjrfm}' = R^Qi^irrfm^ = RQ^iijrfmf' so that 

-E\olh - FE\sm'mh = -Fji{liL\)nf - LAjiil'L^Jnin. 

By transvection with and we obtain 

^E\^- FAO\-sm' +\fAO{V + H) = U^sm' + ]-U{V + H)- (4.42) 

E\sm' - FAE\srrf = X\sm' + X{V + H). 

Using again fl4.37p . we have 

R^j^jf^/.mJ'm^m'^ = —\\{U-^)mim^ + FBX{Pm'^mnL'^,^)]lh 
— \fi{V'^j.)mim^ + FBji{Pm^mnL'^k)\'m-h 

= -{^H\o + \H{J+Y) + BE\^)lj, - {H\,m' + \H{V + H) + F B E\,m')mj,. 
On the other hand, 

Rj^lf^m^m^m^ = —Ji{rrfmiL\) — FBji{PL'^^)mn. 
But, Rrj-j^j^m^m^m'' = R^jy^im^ rrf = R-j^^^ijn^ rrf which leads to 

-{^H\o + \H{J + Y) + BE\^)h - (Hism' + \Hiy + H) + FBE\,m')mh 

= -Ji{mJ'miL\) - FBji{PUlf^)mn. 

The transvection with and gives 

ii^io + \h{J + r) + 5^10 = Y\,m' + FBO\,m' - ]-FBO{V + H)- 
r Z Z 

H\sm' + \h{V + H) + FBE\sm' = H\sm' + ]-H{V + H) + FBE\,m'. 
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Now, R,jj,om^m^ = -[FX{mn^miLi^) + LBX{lH''L^f^)mn]k 

= -[Y\-, + FBO\-o-'^LO{J + Y)]k 
-F[Yism' + FBO\snf - \FBO{V + H)]mT, 
and 

R-j,-^hm^nf = - FXjnfmiU^^) - LB\{1' L^^^)mn. 

The conjugation R^pjj^QmfmH^ = Rj.-jhQm^rrfl^ = R-j^Qf^m^rrfl^ gives 

Yio + FBO\, - ho{J + F) = yjo + FBO^-o - ho{J + Y). (4.43) 

Lemma 4.2. Let (M, F) be a 2 - dimensional weakly Kdhler complex Finsler 
space. Then 

i) ^0\Q - \0{J + Y)- A0\o + \FAO{J + Y) = J\,m'; 

ii) ^E\o - FAO\sm' + lFAO{V + H) = Vjgm*" + ^V{V + H). 

Proof. It results by Proposition 3.2, flCTj) . ( 109]) and (141421) . By computa- 
tion using fl3.1ip . we obtain the global validity of these assertions. □ 

Remark 4.2. If{M, F) is purely Hermitian (A = 0) and Kdhler, then -^rOio— 
|0( J + Y) = J\sm' and V\-srrf + \V{y + H) = ^E^o. 

In order to show the geometrical aspects of the above computations, con- 
sidering (12. 7p . we define the horizontal holomorphic sectional curvature in 
direction A by 

K^F,xiz,r]) :=2R(A,A,A,A) (4.44) 
and the horizontal holomorphic sectional curvature in direction /i by 

K^_^(^,r/) = 2R(/i,/i,Ai,/i). (4.45) 

Theorem 4.7. Let {M, F) be a 2 - dimensional complex Finsler space. Then 

i) Kp^{z,ri) = 2K, where K := — -prJio; 

ii) K'^^^{z, 77) = 2W, where W := - H\sm' - \H{y + H) - BFE\srrf. 

Proof. By fOTjl we obtain R(A, A, A, A) = iH^H'' R^-j^f^ = -X{Pl%L)j;) = 

— j:J\o and so i) is proved. Similarly, we have 

Il{lJ., Ji, fi, p,) = mP-rrfm^m'^R---^^ = —Ji{L''-f,)rn^rn^rni — FBji{l'^L'^j^)rn''rnn 
= - Ji{H) - \H{V + H)- FBfL{E) = -H\-sm' - \H{V + H) - FBE\sm\ 

i.e. ii). 

Changing the local coordinates {z^ , r]^) i^^j^ into {z'^ ,rj''')i^^Y^, it results 
K' = K and W = W, which complete the proof. □ 
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We call the functions K and W the horizontal curvature invariants. Fur- 
ther on, our goal is to find the link between the hh— Riemann type tensors 
Rfjhk^ K and W. 

Then, using (12. Sp . 6i = UX + rriiii and fl4.37p . Rfjhk = R-('^j, (^f, (^fc, ^h) is 
decomposed into sixteen terms. 

Proposition 4.7. Let {M,F) he a 2 - dimensional complex Finsler space. 
Then 

Rfjhk = ^Ifljlfilk + 'Wmrmjm^rrik (4.46) 
-IjO^o - loiJ + Y)]l,m,kh - [jO^-o - io( J + Y)]m,l,kh 
— .J\arrflrljlj^mk — J^gTn'^lfljTn'hh 

-[V\sm' + ]-V{V + H)]lfljmj,mk - ^E\omfljkmk 

1 1 1 - - 

-—EiQlr'mjmj.lk - [— Y|o + BOiq - -FBO{J + Y)]mfmjlilk 
r t Z 

-E\sm''mfljmj^mk - [\^H\q + \h{J + F) + BE\o]mfmjmilk 

t Z 

—E\sm'^lfmjm]^mk — [—Hiq H — H{J + Y) + BE\r^raf.rnjlimk 

F 2 

-[0\-srrf - ]p{V + H)]mrljmj,lk - [0\sm' - ^0{V + H)]lrmjlf,mk. 

Remark 4.3. If R^jj^^. = then the horizontal holomorphic sectional curva- 
ture in any direction is zero. 

Now we come back to the Antonelli-Shimada metric fl4.33p in order to 
study its horizontal curvature invariants K and W and its hh— Riemann 
type tensor. After some direct computations we get 

J = Y = 2^^- E = O = 0; 

( da da , ,2_ 



which substituted into fl4.46p give 

Rfjhk = djri^k^k + Wmpjik - J\smHj,mk - J\sm''mjJ,k), 

where 



It/PI^P \dzdz dwdw 
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Proposition 4.8. The horizontal holomorphic sectional curvature in direc- 
tion A of the Antonelli-Shimada metric, Kp^^ xi^iV) ^■^ strictly negative (pos- 
itive) if and only if the (1, 1)— form q^I^h rfrf^ is positive (negative) definite. 

Proof. Indeed, K^^^ y^{z,vi) = 2K = -j^-i^§^'n^ri^- Its sign depends on 
the sign of the (1, 1)— form ■^^rf'rj^. □ 

For example \i a {z,w) = \og (i_|.^|2)([^|2_|^|2) then Qf§=Kv''v'' is a purely 
Hermitian metric on the Hartogs triangle D = {{z,vu) & C"^, |w| < < 1} . 
Therefore, Kp^^ ,^{z,ri) < 0. 

Another example, if a{z,w) = log(l — — (it) leads to the 

Bergman metric ~g~^§^v''v'^ the unit disk := {{z, w) G C^, + \w\'^ < 
It results that Kp^^^ ^i^,?]) > and Kp^^^{z,ri) < 0. 

Proposition 4.9. If a(z,w) is a harmonic function, i.e. = -^^§= = 0, 
thenK^p^^^^iz,rj) = -lK^p^^^,iz,r^). 

Proof It results by flOTjl . □ 

We point out that the hh— Riemann type tensors Rf^jj^i^ generally are not 
symmetric. But, fl4.46p permits us to study this particular case and some 
others. 

4.5.1 A weakly symmetry condition 

We call the property i?ofcoo = Roook as being a weakly symmetry condition of 
the curvature. First, we want to see what does this condition mean, in terms 
of the horizontal terms f l3.10p . The answer is below. 

Corollary 4.1. Let {M, F) be a 2 - dimensional complex Finsler space. Then 
Rokoo = Roook if and only if J\sm' = j^Oio - |0(J + Y). 

Proof i^M) gives that Rmo = F^Kh-[^0\o-^0{J+Y)]mk} and Rmk = 
F^[Klk - J\sm'mk]. So (th at), /^Ofcoo = Roook iff Jisiri" = j^0\o - \0{J + F), 
which is globally by f l3.1ip . □ 

Proposition 4.10. Let {M,F) be a 2 - dimensional weakly Kdhler complex 
Finsler space with -Rgfcoo = Roook- Then it is either purely Hermitian or with 
J\sm'' = 0. 

Proof. Lemma 4.2 i) together with Corollary 4.1 leads to AJ^gm^ = 0, which 
gives A = or Ji^m* = 0. Both conditions work globally. □ 
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Further on, our goal is to find the properties of the invariants K and W 
with this condition of weakly symmetry. Therefore, we write the identity i) 
of Proposition 2.2 for J 

J\f\s — J\s\f = C~J\n- (4.48) 

Using 4.2 i) and f l3.13p we have 
J|.|. = -^Ji,l, + i^O^-s - ^0{J + Y)k - ^0{V + H)m,]m,. (4.49) 
On the other hand, J|g = —'Klg + J\hm^ms and using (13. 7p we obtain 

J\s\f = - (K\r + ^Klr + ^J\r^ k + J\h\fm^m-s. (4.50) 

Plugging and fOC)]) into (g^H]), it results 

-jpJ\slf + j^O\smf + (K|f + jpKlf+j^J\f - jpO{J + Y)mf) k 

- (^Jihlrm^ + ^0(y + H)m^ nis = {-AK + BJ\j,m^)mfms 
which contracted by and m'^rrf respectively, leads to 



K|, = -i[J|;im^ + iO|g-^0(J + y)]m,; (4.51) 

1 „ . 1 



Transvecting the Bianchi identity 

•Akl {Rfjhk\l ~ PrjskR^if^] + RfjhnTkl = 0; (4.52) 

(see [15], p. 77), by f]^r]^f]^ri^ it follows 

FK|^ - K|o/i - Jis\om'mi + FKIXT^^ - Fj\,mH''m^T^i = 0. (4.53) 

Theorem 4.8. Let (M, F) be a connected 2 - dimensional weakly Kdhler 
complex Finsler space with -RgfcOo = -Rooofc '^'^^ 1^1 7^ 0. Then K is a constant 
on {M,F). 

Proof. By Proposition 4.10 and by the first relation of (14.511) it results that 
K|f = 0, i.e. K does not depend on t]. Because (M, F) is weakly Kahler, the 
identity (14.531) together with J|s|o^^ = gives K|; = j^'K\qIi. But, using ii) 
from Proposition 2.2, we have = K|^|j = K|j|^. On the other hand. 

It follows that K|o = and so K|i = 0, which is equivalent to |^ = 0, i.e. 
K is a constant on (M, F). □ 



31 



Corollary 4.2. Let (M, F) be a connected 2 - dimensional complex Finsler 
space with -Rofcoo = -Rooofc- Then K depends on z only if and only if J\sm'^ = 
0. Moreover, given any of these equivalent conditions, we have FAK = 
-OisTTi' + lOiV + H). 

Proof. By Corollary 4.1, the first relation of f l4.5ip is K|f= = —^J]j^m^mr 
which justifies the above equivalence. J|sm* = with the second equation of 
give FAK = -0|gm'" + |0(V^ + H). Its global vahdity completes the 
proof. □ 

Theorem 4.9. Let (M, F) be a connected 2 - dimensional complex Finsler 
space with -Rofcoo = -Rooofc) 1^1 7^ and K a nonzero constant on M. Then 
(M, F) is weakly Kdhler. 

Proof. Substituting K|; = J\sm^ = in the relation (14.531) it follows that 
LKlHr^T^i = 0. Consequently, l%T^i = 0, since K ^ 0. □ 

The purely Hermitian case is characterized by 

Proposition 4.11. If {M,F) is a 2 - dimensional Kdhler purely Hermitian 
space, then Rq^oo = -Rooofc- 

Proof. It results by Remark 4.2. □ 

Theorem 4.10. Let {M,F) be a connected 2 - dimensional Kdhler purely 
Hermitian space. Then K zs a constant on (M, F) if and only if J\hm^ = 0. 

Proof. By (14.511) we have K|f = —^J]pn^mf. If K is a constant on (M, F) 
then J\}jn^ = 0. Conversely, if J\hm^ = then K|f = and by same argu- 
ments as in Theorem 4.8 it results that K is a constant on (M, F). □ 

We note that the above Theorems give the necessary and sufficient con- 
ditions that a connected 2 - dimensional complex Finsler space should be of 
constant horizontal holomorphic curvature in direction A. It is interesting 
for us to see what happens with the horizontal holomorphic curvature in 
direction /i, in this case. 

Proposition 4.12. Let (M, F) be a connected 2 - dimensional weakly Kdhler 
complex Finsler space with i?ofcoo = -Rooofc '^'^'^ |^| 7^ 0. Then 
i) F^AK = - F{J + Y)^; 

ii) E|o = (1 + AAL) ■ 

III) V\-srrf + \V{y + H) = -^[l- AAL) ; 

tv) l|o = (1 - AAL) + F |<l>|' ; 

v) H\-o+^H{J+Y) = {B - FAB) + ^[^\km^-{V+H)^ + Lm; 
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vt) E\srrf = -^{B- FAB) - ^[^\im^ - {V + H)^- 

W = K (1 + AAL) - F{E\sm')\im^ - \BFE\srrf - L |^]|^ 
where $ := A\q + AF{J + Y) and f2 := A^j.mJ' + A{V + i?). 

Proof. Let us consider the Bianchi identity, (see [15], p. 77), 

^rjhkll ~ ^fjhl\k ~ PfjskP^iJl + SfjslR(,kh + Rfjhn^kl = 0- (4.54) 

In order to prove the statements i)-vii), we use Theorem 4.8, the covariant 
derivatives (13. 7p . (I3.13P and the expressions of the vv—, hv—, vh—, hh— 
Riemann type tensors. 

Contracting into (I4.54p by ij^m^fi^r]'', using 

RfjhkW'm'v'^v'' = -R-ojoi"^' = F^[0\sm' - 10{V + H)]mi = -F'^AKnif, 
Pfjskrf = Sfjsirf = C^irf = and 

'^fjhi\kV'''m^V^v'' = --^[*|o - F{J + Y)^mi, we obtain i). 

The contraction with fj^rj^rh^r]^ of (I4.54p . 

RfjhkWv^rh''r]'' = -Rorhorh^ - R-Qoum^ + ^Rmom 

= F^[j;Eio + Vism' + lV{V + H) + K]mi and E.^j^j^r]^ = lead to 

4^10 + Vism' + lv{V + H) = -K. 

On the other hand, by Lemma 4.2 ii), 

jE\o - V\,m' - ^V{V + H) = -LAAK. 

The last two relations give ii) and iii). 

Now, contracting again (I4.54p by rh^r]^f]^r]^, we have 
Rf^hkli^Wv^'v" = F\K + il^o + tE\o)^i and 
PfjskP^ijfnJ'v^'fl^'ff = |$|^m/. 

It results \K+^Y\Q+^E\Q-\^^]mi = 0. Hereby, l|o = -KF-E\o+F \<!>f, 
which together with ii) implies iv). 

Next we prove v) and vi). First we contract (14.541) with ff'm^fpm^m^ and 
we obtain 

{RQjQkm^m^)\im} — BRQjQj^m^m^ — E^jQi^j^m^m'^m'- + RQ^Q^iClim^m^m^ = 0. 
This implies that 

Alim'LK = -[$|fcm^' + (V + //)$] (4.55) 
The contraction of (I4.54p by frfrj^fi^m^m} implies 

{Rfookm'm^)\im^ - {Rfi^kfffm}' + PfoskPliQrrf m}' - R^QQ^Clifh'' m'')rd = 0, 
which gives 



33 



i/|o + f J + Y) = FE\o\im^ + Lm. Now, this together with ii), ( KM\f 
and (14. 11) gives v). 

The contraction of fl4.54p by frfrj^fh^rfm} gives 

{RfQhQfrf fh^)\irn} + B Rf.Q]^Q7Tf mP' — Rj^ij^Qffffh^m'- — R^Qj^ifrffn^m}- 

—PfOsoP^ij^rn'^fh^'rn'' = 0, which is equivalent to 

LKA\im^ + ^Hio + \H{J + Y) + BE\q + E\-srrf + BAL¥. = Fm. 

Using ii), v) and (14. ip it leads to vi). 

For vii) we contract (14.541) with fffrj^fh^m^m} and we deduce 

{Rj:Qj^f^fn^fh^m^)\im} + ^R^Qj^j.ffffh^mf' 

+ j^RQQj^i.fh'^m^ — R^ij^^frffh'^m^im} + jR^QQi^fh^m'' 

— ff05fcPg^^m'''m^m'^m' + R^Qj^^C^^iffC'fh^mf'm^ = 0. 

From here we obtain 

-F{Eism')\im^ - ^E\srrf - V\-,rrf - \V{y + H)-W- ^E^o + AALK - 
BFE\sm^ = L\Qf , which leads to vii). The global validity of the above 
statements results by straightforward computations using (13. lip . □ 

Next, we establish some consequences of the above Proposition. From 
vii) and Theorem 4.7 ii) it immediately results 

Corollary 4.3. Let {M, F) be a connected 2 - dimensional weakly Kdhler 
complex Finsler space with i?ofcoo = -Rooofc ^^^^^ 1^1 7^ 0. Then 

K'^p^^iz, 7]) = 2K (l + AAL) - 2F{Eism%m^ - WFE\-sm' - 2L |^]|^ . 

So, we remark that the conditions which assure that Kp^{z,r]) is a con- 
stant on M do not suffice to imply that Kp^^{z,ri) is a constant, too. 
Proposition 4.12 i) gives 

Corollary 4.4. Let (M, F) be a connected 2 - dimensional weakly Kdhler 
complex Finsler space with Rokdo = -Rooofe o,i^d \A\ ^ 0. Then K. = if and 
only z/<l>|o = F{J + Y)^. 

Corollary 4.5. Let (M, F) be a connected 2 - dimensional weakly Kdhler 
complex Finsler space with Rokoo = Roook o^'^^d \A\ ^ 0. If ^\km'' = {V + H)^ 
then 

W = K (l + AAL) - ^(I + ^FAB^ + FAB\km^) - L \nf . (4.56) 

Proof. By Proposition 4.12 vi) we have E\sm^ = {B — FAB), which 

substituted into vii) gives (I4.56p . taking into account (14. ip . Their global 
validity complete the proof. □ 
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Remark 4.4. Under assumptions of above Corollary and B = 0, contracting 
. 54\ ) with frfrn^m^rnJ'rn}' we obtain K = 0. On the other hand, by Propo- 
sition 4-1, 1 = 0. Therefore, li4-56\ ) becomes W = —L\Qf. Further more 
yV = if and only if Vl = 0. 

Theorem 4.11. Let {M,F) be a connected 2 - dimensional weakly Kdhler 
complex Finsler space with -Rg/coo = Roook, 1^1 7^ and 

^\k = ^{J + Y)h + {V + H)mk]. 

Then 

K^p^^{z, r/) = and ??) = -2L \VL\^ < 0. 

Moreover, Kp^{z, rf) is a constant if and only if Q = j:, where c G C. 

Proof. It results by Corollary 4.4 and Proposition 4.12 vi) and vii). □ 

Theorem 4.12. // {M,F) is a connected 2 - dimensional complex Berwald 
space with i?ofcoo = Roook (^"iT-d \A\ ^ 0, then Rfjhk = 0. 

Proof. The assumption of Berwald leads to $ = 1] = 0. Applying now Propo- 
sition 4.12 and (14.461) we obtain Rfjhk = 0. □ 

Remark 4.5. // (M, F) is a connected 2 - dimensional complex Berwald 
space with Rokdo = Rdodk o.'nd \A\ ^ 0, then the horizontal holomorphic sec- 
tional curvature in any direction is zero. 

Moreover, we obtain a known result from Hermitian geometry 

Theorem 4.13. // {M,F) is a 2 - dimensional Kdhler purely Hermitian 
space with K a constant on M, then Rfjhk = ^{.gjfQkh + dkfQjh) (ind the 
horizontal holomorphic sectional curvatures in directions A and fi are 2K. 

Proof. Because A = B = 0, the Bianchi identity (14.541) is Rfjhkli — 0- Some 

contractions of it lead to 

-0|,m^" + |0(y + H) = if|o + f if( J + Y) = E\,m' = 0, 
^^10 = V\-sm' + lV{V + H) = ^1^0 = -f and W = K. 
Therefore, (14.461) become 

Rfjhk = ^{'^Ulj^bJ-k + 2mfmjmf^mk + Ifljmhmk + mfljlj^nik + Ifmjmjjk 
+mfmjl-hlk) = Yi9jf9kh + 9kf9j-h) and K^^^xi^, r]) = K^^^{z, r]) = 2K. □ 
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4.5.2 A particular case 

Consider the problem of classifying the 2 - dimensional complex Finsler spaces 
for which 

Rrjhk = ^9jfgkh + 9krgfh), (4.57) 

where /C = IC{z, rf) : T' M — t- R. We note that the 2 - dimensional complex 
Finsler spaces with f l4.57p has the property that Kp^^{z,rj) = Kp^^{z,ri) = 
4/C. To solve the stated problem we use the Bianchi identities fl4.54p and 
fl4.52p . Indeed, contracting the identity fl4.54p by fj^r]^ and taking into ac- 
count 

RfjhkllV^V'' = ^dOhkll — Roihk 

= [LlC(2g^i - m-^mk)] \i - FK:(2lil-Jk + kmj^mk + rmm-Jk) 
= FJC{2gk-h - mj,mk)li + LIC\i{2gkh - mj,mk) 
+FIClkmf,mi - F}C{2liljJk + hm-hmk + mim-^lk) 
= LIC\i{2gkh - m-hnik); 

-fjhi\kV^ = Prj-skP-Qijin" = Sfj-siRlkh^" = and 
Rf.hnCliV'-r}' = L}C{2g^j, - m^,mn){Al^ + Bm^)mkmi 
= LlC{2Alj^ + Bmi)mkmi, we obtain 

^i{'^9kh - m-h^k) + ^{'^Ali + Bm-h)mkmi = 0, (4.58) 

which is true in any local coordinates. Moreover, contraction by fj'^r]^ in 
fl4.58p it follows }C\i = 0, which means that /C = )C{z) is a function of z alone. 
This implies that )C{2Alj:^ + Bmj^ = and hence that either A = (i.e. the 
purely Hermitian case) for any JC = }C{z), or \A\ ^ and /C = for any \B\. 
So, we have proven 

Corollary 4.6. Let (M, F) be a connected 2 - dimensional complex Finsler 
space with Rfj^k = ^{gjf-gkh + gtrgjh)- Then it is purely Hermitian with fC a 
function of z alone, or it is not purely Hermitian hut with /C = 0. 

For /C 7^ 0, fl432|) gives 

}<^\iigjrgkh+gkrgfh)-}C\k{gjrgih+girgjh)+^igjrgnh = o, which 

contracted by f]^rj^fj^r]^ leads to 

FlC\i - /C|o// + Fn'^LT^i = 0. (4.59) 

Theorem 4.14. Let (M, F) be a connected 2 - dimensional complex Finsler 
space with Rfjhk = ^{gjfgkh + gkrgjh), /C 7^ 0. Then fC is a constant on M if 
and only if (M, F) is Kdhler. 
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Proof. If /C is a constant on (M, F) then, by it results l^LT^i = 

which leads to T^^ = 0, i.e. (M, F) is Kahler. 

Conversely, if {M,F) is Kahler then by fl4.59p we have ]C\i = |t/C|o//. 
Hence lC\iw} = 0. On the other hand, using the identity ii) of Proposition 2.2 
it results = /C|fc|j = K,\j\k- Therefore, 

= }C\i\f = —j^}C\Qlilr + j:}C\o\fh — ■ji^\ohlf and so 

— j^fC\Qlilr = which gives /C|o = 0. It follows /C|/ = equivalently with 
II = 0, i.e. /C is a constant on (M, F). □ 

Now, we study the space with 1^41 7^ and /C = for any \B\. By (I4.57P 
results Rfjhk = 0, and so the horizontal holomorphic sectional curvature in 
any direction vanishes identically. Moreover, the identity f l4.54p become 

^m\k + P^rskPh = 0' (4-60) 

which contracted by mJ'ri^f]^r]^'w} and fffrj^fh^m^m} leads to $ = ^7 = 0, 
which are globally. Therefore, by Lemma 4.1 we obtain 

Theorem 4.15. // {M,F) is a connected 2 - dimensional complex Finsler 
space with Rfjhk = 0, |A| 7^ 0, then d^G^ = 0. 

Remark 4.6. The converse of above Theorem is not true. There exists 2 - 
dimensional complex Finsler spaces with d^G^ = and Rfjhk 0. A such 
example is given by the Antonelli - Shimada metric ^.SS ). 

Now, using Theorem 4.4 we have proven 

Corollary 4.7. If {M, F) is a connected 2 - dimensional weakly Kahler com- 
plex Finsler space with Rfjhk = 0, |y4| 7^ 0, then it is Berwald. 
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